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Quantum anomalies offer a useful guide for the exploration of transport phenomena in topological
semimetals. In this work, we introduce a model describing a semimetal in four spatial dimensions,
whose nodal points act like tensor monopoles in momentum space. This system is shown to exhibit
monopole-to-monopole phase transitions, as signaled by a change in the value of the topological
Dixmier-Douady invariant as well as by the associated surface states on its boundary. We use this
model to reveal an intriguing “4D parity magnetic effect”, which stems from a parity-type anomaly.
In this effect, topological currents are induced upon time-modulating the separation between the
fictitious monopoles in the presence of a magnetic perturbation. Besides its theoretical implications
in both condensed matter and quantum field theory, the peculiar 4D magnetic effect revealed by
our model could be measured by simulating higher-dimensional semimetals in synthetic matter.
Introduction.— Quantum anomalies play a central role
in our understanding and applications of quantum field
theories [1, 2]. Given a classical action, a local sym-
metry is “anomalous” if it represents an obstruction to
quantize the classical field theory (i.e. the corresponding
path integral cannot be made invariant with respect to
both gauge symmetry and the anomalous symmetry). In
high-energy physics, this obstruction prevents the exis-
tence of quantum field theories with certain symmetries,
which can be cured by introducing anomaly-cancellation
effects into the description [3]. Such anomalous situations
can however give rise to observable phenomena, such as
the chiral magnetic effect related to the so-called chiral
anomaly, as originally shown in Ref. [4] in the context of
the quark-gluon plasma.
Quantum anomalies are not restricted to Lorentz-
invariant systems. In particular, they also give rise to
novel quantum effects in condensed matter physics [5–
11]. For instance, it was shown that the chiral anomaly
emerges in Weyl semimetals set out of equilibrium [12–
17]. In this context, the corresponding chiral magnetic
effect gives rise to quantized electric currents upon ap-
plying an external magnetic field. Another well studied
anomaly is the parity anomaly [5, 18–20, 22–25], which
gives rise to topological effects in two-dimensional gap-
less (Dirac) phases [6, 26] related to the emergence of
Chern-Simons theories.
Recently, parity and chiral anomalies have been ex-
plored in multi-band models, in two and three di-
mensions, respectively [28–30]. These systems support
higher-spin quasiparticles, where the Weyl-like cones be-
come multi-fold degenerate [31–40]. Interestingly, the
parity anomaly can also exist in four and six dimen-
sions [41, 42], which suggests relevant implications in the
context of higher-dimensional synthetic topological mat-
ter [43–45]. Besides, it has been shown that a three-band
model in four dimensions can give rise to a gapless topo-
logical phase characterized by a tensor monopole [46, 47],
whose topological nature is established by the Dixmier-
Douady (DD) invariant [48, 49]. Their topological re-
sponse in the presence of an electromagnetic field has
remained unexplored.
The goal of this work is two-fold. First, we intro-
duce a four dimensional lattice model that supports
both gapless spin-1/2 and spin-3/2 fermions, depending
on symmetries. When both CP and chiral symmetries
are preserved, the Dirac cones are associated with Z2
monopoles in momentum space [1, 51]. By breaking CP
while preserving sublattice (chiral) symmetry, the topo-
logical semimetal phase is instead characterized by the
DD invariant in the bulk, which one can associate to
fictitious tensor monopoles [46, 47]. This represents a
monopole-to-monopole topological phase transition. We
show the presence of topologically-protected Fermi arcs
on the three-dimensional boundary, and describe their
modification across the transition. Secondly, we iden-
tify a novel quantum effect, coined “parity magnetic ef-
fect”, which arises in presence of a magnetic field and
can be attributed to a parity anomaly. This is a peculiar
topological effect associated to the existence of quantized
topological currents in 4D semimetals. This effect could
be measured in quantum-engineered settings using a syn-
thetic dimension [52–54].
4D topological semimetals.— We start by consider-
ing a four-band Hamiltonian for spinless fermions on a
four-dimensional lattice. The corresponding momentum-
space Hamiltonian is given by
H(k) = dxΓ˜x + dyΓ˜y + dzΓ˜z + dwΓ˜w, (1)
with the four-component Bloch vector defined as
dx = 2J sin kx, dy = 2J sin ky, dz = 2J sin kz,
dw = 2J(M − cos kx − cos ky − cos kz − cos kw).
(2)
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2Here J is the hopping amplitude on the 4D lattice, M is
a tunable parameter and the 4× 4 matrices Γ˜i read
Γ˜x = σ0 ⊗ σ1 + aσ1 ⊗ σ0, Γ˜y = σ2 ⊗ σ3 + aσ3 ⊗ σ2,
Γ˜z = σ0 ⊗ σ2 + aσ2 ⊗ σ0, Γ˜w = σ1 ⊗ σ3 + aσ3 ⊗ σ1,
where σi are Pauli matrices and a is a constant param-
eter. These matrices only satisfy the Clifford algebra
for a = 0 (“Dirac regime”). When a 6= 0, the Hamil-
tonian (24) supports spin-3/2 quasiparticles similarly to
previous models in lower dimensions [32, 33, 35, 36, 39].
Besides, this Hamiltonian preserves a chiral (sublattice)
symmetry, {S,H} = 0 with S = σ3 ⊗ σ3. Its spectrum
reads
E(k) = ±(1± a)
√
d2x + d
2
y + d
2
z + d
2
w. (3)
Notice that the two middle bands become perfectly flat
when a = ±1 [Fig. 1]. For 2 < M < 4 and a 6= 0,
there exists a single pair of Dirac-like cones in the first
Brillouin zone (BZ) separated along the kw axis and lo-
cated at K± = (0, 0, 0,± arccos km) with km = M − 3.
For convenience and without loss of generality, we focus
on the low-energy effective Hamiltonians near the nodal
points K± = (0, 0, 0,±pi/2) for M = 3,
H±(q) = vq±,xΓ˜x + vq±,yΓ˜y + vq±,zΓ˜z ± vq±,wΓ˜w, (4)
where v = 2J with J > 0 and the effective momenta
q± = k −K±. When a = 0, the Dirac cones are pro-
tected by combined charge conjugation C and inversion
P symmetries, {CP,H} = 0, where CP = σ1⊗σ2Kˆ, and
(CP )2 = −1. Thus, they behave like monopoles carrying
a Z2 charge, as studied in Ref. [1]. For a 6= 0, the com-
bined CP-symmetry is broken and the Hamiltonian (24)
only preserves chiral symmetry. In this regime, the sys-
tem belongs to class AIII and the nodal points behave
like tensor monopoles, which are characterized by a Z
invariant [46, 47]. Our model thus exhibits a monopole-
to-monopole phase transition upon tuning a; see Fig. (1).
In our 4×4 representation, there only exists a single mass
term (proportional to σ3⊗σ3) that breaks CP and opens
a bulk gap; however, this term simultaneously breaks the
chiral symmetry S; hence, this perturbation would open
a gap for both the Z2 and Z cases. The situation would
be different in a 8×8 representation, where there exists
a mass term that breaks S without breaking CP [63].
We now further characterize these two types of
monopoles, by focusing on H+ in Eq. (4). Since the
Hamiltonian preserves chiral (sublattice) symmetry in
both regimes, one can calculate the winding number as-
sociated with the mapping q\{0} ∈ S3 → d/|d| ∈ S3,
where the three-dimensional unit sphere S3 encloses the
monopole in q-space. The corresponding winding number
is given by [56–58]
w =
1
12pi2
∫
S3
dqµ ∧ dqν ∧ dqρijkl 1|d|4 di∂µdj∂νdk∂ρdl,
(5)
with di = vqi. Importantly, we obtain w = 1 for both
types of monopoles, which indicates that this winding
number is not able to distinguish between the different
topological-semimetal phases of our model. In order to
solve this issue, we employ the DD invariant, which is
zero in the CP-symmetric “Dirac” regime (a= 0), while
it is non-zero in class AIII [46, 47]. This invariant can be
expressed as
DD = 1
2pi2
∫
S3
dqµ ∧ dqν ∧ dqρ
∑
n=1,2
Hnµνρ, (6)
where
Hnµνρ = ∂µBnνρ + ∂νBnρµ + ∂ρBnµν , (7)
denotes the 3-form Berry curvature associated with the
n-th eigenstate |un(q)〉; here, only the two lowest bands
(n = 1, 2) contribute to the DD invariant, as required
by the half-filling condition. The 2-form tensor Berry
connection Bnµν in Eq. (7) is defined as [47]
Bnµν = φnFnµν , φn = −
i
2
log
4∏
ℵ=1
uℵ−,n, (8)
where Fnµν = ∂µAnν − ∂νAnµ is the Berry curvature,
Anµ = 〈un|i∂µ|un〉 is the Berry connection (∂µ ≡ ∂qµ),
and uℵn denotes the components of |un〉. We find DD=2
for a 6= 0,±1, noting that each of the two lowest bands
contributes a charge +1. The monopole-to-monopole
transition, which is signaled by a change in the value of
the DD invariant, is illustrated in Fig. 1. Besides, for the
critical flat-band case (a=±1), a single non-degenerate
low-energy band contributes, thus yielding DD= 1 [46].
One also verifies that the monopoles described by H−
carry the opposite tensor charge.
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FIG. 1: (Color online) Monopole-to-monopole transi-
tion: Schematic spectra E(kw) of H+ at kx,y,z = 0. When
a = 0, the two-fold degenerate spectrum (red) hosts a Z2
monopole with winding number w = 1. For a 6= 0,±1, the de-
generacy is lifted and the nodal point hosts a tensor monopole
captured by a non-zero DD invariant: DD=2. When a = ±1,
the two middle bands become perfectly flat (black) and the
low-energy band (blue) contributes to DD=1.
Surface states.—To further investigate the topological
properties of the semimetal Hamiltonian (24), we now
3study the surface energy spectra for M=3, upon apply-
ing open boundary conditions along the z direction. As
sketched in Fig. 2(a), the zero-energy surface states de-
pict a degenerate Fermi arc (colored in red) connecting
two monopoles of opposite charges. The origin of this
Fermi arc can be understood from two perspectives, as
we now explain.
A first viewpoint is obtained by fixing kw and by study-
ing the surface modes of the resulting 3D gapped sub-
system. Upon taking such a slice, the 3D Hamiltonian
H|kw=k0w can either describe a Z2 topological insulator
(a = 0) or a chiral topological insulator (a 6= 0)[56, 58–
61]. We find different regimes as a function of k0w: the
3D subsystem is non-trivial [with Z2 index w = 1 for
a = 0, and Z-valued DD = 2 (DD = 1) for a 6= 0,±1
(a = ±1)], within the range k0w ∈ (−pi/2, pi/2), and triv-
ial otherwise. Here, the topological invariants are calcu-
lated using Eq. (20) for a=0 and Eq. (6) for a 6=0, upon
replacing S3 by the 3D BZ T3. These 3D topological in-
sulators host 2D Dirac boundary states, whose dispersion
is defined over the A plane shown in Fig. 2(a); their zero-
energy nodal point forms a degenerate line along the kw
axis, i.e., a Fermi arc connecting the two monopoles.
Another viewpoint consists in taking a slice at fixed
kx=0 (or ky=0). The resulting subsystem H|kx=0 forms
a gapless metallic phase, which is similar to the (real)
Dirac semimetal [51] for a = 0. Its dispersion, defined
over the B surface in Fig. 2(a), consists of two inclined
planes, whose zero-energy crossing line forms a Fermi-arc
connecting the two monopoles in the bulk.
We show illustrative surface spectra in Figs. 2(b)–(c).
For a= 0 [Fig. 2(b)], one obtains a Dirac cone over the
A plane and two inclined planes over the B plane. Note
that these spectra are 2-fold degenerate, as they describe
the surface states on both boundaries (at z= 1 and z=
Lz). This degeneracy is then lifted upon increasing a, as
shown in Fig. 2(c). When reaching a = 1 [Fig. 2(d)],
the surface mode at z=Lz vanishes into the zero-energy
flat bulk band, while a single (non-degenerate) surface
mode survives at z = 1. These surface spectra are well
described by the boundary Hamiltonian [63]
HBS± = ±(1±a)(kxσ1−kyσ2), for kw ∈
(
−pi
2
,
pi
2
)
, (9)
which was derived from the bulk model H(k) for M =
3; here ± refers to the boundaries at z = 1 and z =
Lz, respectively. We note that the transformations of
the boundary modes reflect the monopole-to-monopole
transition in the bulk [Fig. 1].
Parity magnetic effect and topological currents.— We
now show how to derive a universal magnetic effect for
our model, by calculating quantum anomalies through
quantum-field-theoretical methods. In this framework,
we consider the continuum limit of our 4D topologi-
cal semimetal, taking into account the single pair of
monopoles at K±. The resulting 8 × 8 effective Hamil-
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FIG. 2: (Color online) Surface spectra of the model (24) upon
applying open boundary conditions along z. (a) Sketch of
the zero-energy Fermi arc within the 3D BZ. Numerical sur-
face spectra at kx = kw = 0 are shown for (b) a = 0, (c)
a = 0.5, and (d) a = 1. The diagrams labeled by A (resp.
B) depict the surface spectra of the 3D topological insulator
H|kw=0 (resp. the surface spectra of the 3D gapless semimetal
H|kx=0). In (c) the red (resp. blue) spectra correspond to the
boundary at z = 1 (resp. z = Lz). Here we set Lz=40.
tonian, defined in 4D momentum space, reads
Heff = kiG˜
i − bµG˜µb , (10)
where i = x, y, z, w and µ = t, x, y, z, w. Here, we in-
troduced the dipolar momentum bµ, which denotes the
separation of the two monopoles in momentum space,
with vector b = (K+−K−)/2, and in energy with offset
2bt; the 8× 8 matrices G˜i and G˜µb are defined as
G˜j = σ0 ⊗ Γ˜j , G˜w = σ3 ⊗ Γ˜w, G˜tb = σ3 ⊗ I4,
G˜jb = σ3 ⊗ Γ˜j , G˜wb = σ0 ⊗ Γ˜w, (11)
where j = x, y, z, and I4 is the 4× 4 identity matrix. By
implementing a Legendre transformation on Eq. (10),
the action can be written in terms of a first-order La-
grangian,
S[ψ¯, ψ, b] =
∫
d5x ψ¯(iγ˜µ∂µ − γ˜µb bµ)ψ, (12)
where ψ¯ = ψ†γ˜t, γ˜i = γ˜tG˜i, γ˜µb = γ˜
tG˜µb , with γ˜
t =
σ0 ⊗ S. In order to show the topological response of the
4D semimetal to an external electromagnetic field Aµ, we
integrate out the fermion field and obtain the following
effective action
Seff = −i ln det(iγ˜µDµ − γ˜µb bµ), (13)
4where Dµ = ∂µ − iAµ is the gauge covariant derivative.
This effective action Seff with zero mass needs to be reg-
ularized due to ultraviolet divergences [18]. However, the
regularization explicitly breaks certain symmetries of the
original action, hence giving rise to anomalies as we now
show.
We use the standard Pauli-Villars method [24] to ob-
tain the topological action in the low-energy regime,
which consists in introducing a mass term m˜ψ¯ψ with
m˜ = m − αk2. To reveal the “parity” anomaly [64], we
first consider the Dirac case (a = 0); we determine the
effective Chern-Simons action, by calculating a one-loop
triangle diagram [62, 63], and we obtain
Stop =
C2
4pi2
∫
d5x µνλρσbµ∂νAλ∂ρAσ, (14)
where C2 = − [sgn(m) + sgn(α)] /2 is nothing but the
second Chern number of the gapped system described by
H+ with the regularized mass m˜ [6, 8, 9]. The presence
of a second Chern number in the description of a 4D
semimetal is analog to the appearance of the first Chern
number in 2D topological semimetals [6, 26].
We find that a similar calculation [63] can be performed
for the spin-3/2 case (a 6=0,±1), yielding the same topo-
logical action in Eq. (14). In that case, the anomaly takes
the form of a “4D sublattice anomaly”, which shares fea-
tures of the 4D parity anomaly [67]. In the flat-band
limit (a=±1), the system remains gapless in the pres-
ence of the mass m˜; in this case, C2 diverges, and the
topological action is ill-defined.
Based on these results, we find that the topological
response current is universal for both spin-1/2 and spin-
3/2 quasiparticles, and it is given by
Jµ =
δStop
δAµ
=
C2
2pi2
µνλρσ∂νbλ∂ρAσ. (15)
This result describes the “parity magnetic effect” exhib-
ited by our 4D-semimetal model, as we now further il-
lustrate. For concreteness, let us consider the response
of our system to a static and uniform magnetic field
(i.e. Ay = xB
z and Ax,z,w,t = 0), and to a simultane-
ous time-dependent modulation of the cones separation,
bw = arccos[M(t) − 3]; see Fig. 3. In this case, a single
component of the Faraday tensor (Fxy = B
z) contributes
to Eq. (15), which yields the topological response
Jz =
C2
2pi2
(∂tbw)B
z. (16)
In this effect, the separation vector bw plays the role of
an effective axial gauge field [68], whose time dependence
induces an effective electric field Ew=∂tbw. The “parity
magnetic effect” in Eq. (16) constitutes a central result
of this work; it represents a unique topological response
of 4D gapless topological phases, in direct analogy with
the chiral magnetic effect exhibited by 3D Weyl semimet-
als [12–17].
We note that the parity magnetic effect in Eq. (16)
could be experimental studied in 3D quantum-engineered
setups extended by a synthetic dimension [53], as could
be realized for cold atoms in optical lattices [69], for pho-
tons in arrays of ring resonators [54], or in electric cir-
cuits [55]. The time-varying component bw(t) could be
induced through a periodic driving of an on-site coupling,
as proposed in Ref. [26] for a 2D-semimetal setting.
Finally, one may wonder whether the DD invariant,
which characterizes the topology of the nodal points, also
plays a role in 4D magnetic effects. In 3D Weyl semimet-
als, the chiral magnetic effect was shown to be directly
related to the existence of Fermi arcs [70]. Similarly, we
expect the Fermi arcs analysed in Fig. 2 to play a similar
role in 4D magnetic effects. In this framework, the DD
invariant could constitute a key element.
wk
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FIG. 3: (Color online) The parity magnetic effect: A topologi-
cal current Jz can be induced by a pair of 4D monopoles upon
modulating the monopole separation bw(t) in the presence of
a weak magnetic field Bz; see Eq. (16).
Conclusions.— We have introduced and analyzed a 4D
semimetal model, whose nodal points can be associated
to tensor monopoles characterized by the DD invariant.
The system has topological Fermi arcs on its boundary,
which are protected by the sublattice (chiral) symmetry.
This model reveals a novel type of topological response,
the parity magnetic effect, according to which a topo-
logical current can be induced by combining a magnetic
perturbation with a time-modulation of the band struc-
ture. Our results expand our knowledge of quantum
anomalies and their corresponding physical effects in
higher-dimensional topological phases of matter, and
they suggest interesting explorations in synthetic matter.
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7Supplementary materials
Z2 Dirac and Z tensor monopoles in 4D
The continuum Hamiltonian of a novel four-dimensional monopole we consider in the main text is,
H = vxkxΓ˜x + vykyΓ˜y + vzkzΓ˜z + vwkwΓ˜w, (17)
with a-dependent Γ˜i are given by the main text. Notice, these matrices satisfy the Clifford algebra only for a = 0.
Moreover, this Hamiltonian always preserve the chiral (sublattice) symmetry {S,H} = 0 with S = σ3⊗σ3. For a 6= 0,
the model belongs to class AIII. Its spectrum reads
E(k) = ±(1± a)
√
k2x + k
2
y + k
2
z + k
2
w, (18)
above we set the Fermi velocity |vi| = 1 with i = x, y, z, w hereafter. For a 6= 0, there is a band crossing at k = 0
which is nothing but a 4D tensor monopole. The topological charge of a tensor is characterized by the Z-type DD
invariant defined on a three-dimensional sphere S3 that enclosing the monopole,
DD = 1
2pi2
∫
S3
dkµ ∧ dkν ∧ dkρ
∑
n∈occ.
Hnµνρ,
= sgn(vxvyvzvw)Q,
(19)
where Q = 2 for a 6= 0,±1, Q = 1 for a = ±1, and Hnµνρ being the tensor Berry curvature as defined in the main text.
When a = 0 , the Dirac cones are protected by combined charge conjugate C and inversion P symmetries as
{CP,H} = 0, where CP = σ1 ⊗ σ2Kˆ, and (CP )2 = −1. Thus, they behave like monopoles carrying a Z2 charge
as studied in Ref. [1]. Due to this monopole also preserves chiral symmetry, it can be characterized by the winding
number,
w =
1
12pi2
∫
S3
dkµ ∧ dkν ∧ dkρijkl 1|d|4 di∂µdj∂νdk∂ρdl, (20)
with di = vki, and takes the value w = 1.
Here, we emphasize that the Z2 Dirac monopole of model (17) are fundamentally different from those with Z
classification tensor monopoles in symmetry class AIII, although in both cases σ3⊗σ3 terms are symmetry forbidden.
To illustrate the Z2 nature of the monopole, we consider a doubled version of H, namely,
Hdouble = σ0 ⊗H, S = σ0 ⊗ σ3 ⊗ σ3, CP = σ0 ⊗ σ1 ⊗ σ2Kˆ. (21)
It is found that there are CP-preserving perturbations (when a = 0), for instance, H′ = mσ2 ⊗ σ3 ⊗ σ3, that open up
a full gap. However, all of these gap opening perturbations are forbidden by chiral symmetry because {S,H′} 6= 0.
Hence, the discussed Z2 monopoles (a = 0) are clearly distinct from the Z tensor monopoles (a 6= 0) of class AIII. The
understanding of this results are as follows: when we consider two copy of our model H, the charge of a monopole
should be double. But for the Z2 monopole, the charge now is topologically equivalent to 0 due to its Z2 nature,
because
w = 1 + 1 mod 2 = 0, Z2 + Z2 = 0, (22)
while the charge of tensor monopole is double,
DD = 2sgn(vxvyvzvw)Q, Z+ Z = 2Z, (23)
due to its Z nature. Therefore, the Z2 charge carrying zero monopole is trivial, a CP-preserving perturbation will open
up a full gap while the Z tensor monopole carrying nontrivial 2Z charge and thus a chiral-preserving perturbation
will not destroy them but just change the position of the tensor monopole. From this point of view, we can clearly
see the differences between Z2 Dirac and Z tensor monopoles described by Hamiltonian H. The Fermi arcs for the
lattice version of these two cases can be studied similarly.
8Fermi arcs boundary states
The corresponding lattice model can be obtained by letting ki → di, then we have
HTSM = dxΓ˜x + dyΓ˜y + dzΓ˜z + dwΓ˜w, (24)
with the four-component Bloch vector as
dx = sin kx, dy = sin ky, dz = sin kz,
dw = (M − cos kx − cos ky − cos kz − cos kw),
(25)
with i = x, y, z, w, M is a tunable parameter. Its spectrum has the same expression in Eq. (18) by replacing ki with
di. This model preserves CP symmetry when a = 0, while it preserves chiral belongs to class AIII when a 6= 0. For
2 < M < 4 , there exists a single pair of monopoles in the frst Brillouin zone (BZ) separated along the kw axis and
located at kw = (0, 0, 0,± arccos km) with km = M − 3. For convenience and without loss of generality, we focus on
the case that hosts a single pair of monopoles K± = (0, 0, 0,±pi/2) with M = 3.
To study the boundary states of the this situation, we expand the lattice model HTSM around the origin (0, 0, 0)
in the 3D BZ, then we have
HEff = kxΓ˜x + kyΓ˜y + kzΓ˜z + (m− αk2)Γ˜w, (26)
with m = − cos kw, k2 = k2x + k2y + k2z , and α = − 12 . Its boundary low-energy effective theory can be formulated
systematically through the perturbation theory of quantum mechanics which is a generalization of that in Ref. [2, 3].
Consider that a boundary at z = 0 is on the left of a 4D model (kz → −i∂z) and translation invariance is still preserved
along the other 3 directions, i.e., ki(i = x, y, w) is still a good quantum number. To implement the perturbation
method, we will first identify the gapless subspace of the model residing on the boundary, i.e., concentrated near
z = 0, and then compute the transition elements in this subspace by regarding the remaining translation invariant
terms as perturbations.
For a semi-infinite chain with z ≥ 0, we consider an open boundary condition at z = 0. To seek the solution of the
bound state near the boundary which satisfies φ(z = 0) = φ(z → +∞) = 0, we have[
−iΓ˜z∂z + (m+ α∂2z )Γ˜w
]
φ(z) = 0, (27)
where momenta along the other directions are set to be zero since only the ground state is relevant at present. The
above equation can be rewritten as [
∂z + (m+ α∂
2
z )iΓ˜
−1
z Γ˜w
]
φ(z) = 0. (28)
Assuming φ(z) = χηf(z), where η = ±1 and χη is the eigenvector of iΓ˜−1z Γ˜w = −σ1⊗σ1 with η being the corresponding
eigenvalue. Then,
∂zf(z) + η(m+ α∂
2
z )f(z) = 0, (29)
with the boundary conditions:
f(0) = 0, f(z)|z→+∞ = 0. (30)
Seeking solutions with the form f ∼ e−λz, we have
λ2 − 1
ηα
λ+
m
α
= 0, (31)
with the two roots satisfy λ1 + λ2 = 1/ηα, and λ1λ2 = m/α. The boundary state requires two positive roots, which
lead to the relations: η = sgn(α), and sgn(m) = sgn(α). This relations further lead to
η = sgn(α) = −1, m = − cos kw < 0→ kw ∈ (−pi
2
,+
pi
2
). (32)
It turns out that there exists two-fold degenerate solutions as
φi(x) = Nχ
i
η(e
−λ1z − e−λ2z), (33)
9where N is the normalization factor, and i labels the two degenerate eigenvectors of iΓ˜−1z Γ˜w with eigenvalue η = −1.
To obtain the low-energy effective Hamiltonian on the boundary, we consider the remaining terms along the other
directions of Eq. (26),
∆H =
∑
i={x,y}
(
kiΓ˜i − αk2i Γ˜w
)
, (34)
as perturbations. In this way, we have a three-dimensional effective model for the boundary states:
HijBS = 〈χi|∆H|χj〉, (35)
which leads to the effective Hamiltonian expressed as
HBS = (1 + a) (kxσ1 − kyσ2) , for kw ∈ (−pi
2
,+
pi
2
). (36)
Similarly, for a semi-infinite chain with z ≤ 0, we consider an open boundary condition at z = 0. To seek the
solutions of the bound state near the boundary which satisfies φ(z = 0) = φ(z → −∞) = 0, we can do the same
calculations according to above derivation with φ(z) = χηf(z), and seek the solutions f(z) ∼ eλz for positive roots of
λ. Then we have the boundary Hamiltonian as
HBS = −(1− a) (kxσ1 − kyσ2) , for kw ∈ (−pi
2
,+
pi
2
). (37)
In the lattice model, when we consider open boundary along z direction with finite length Lz. Eqs. (36) and (37)
describe the boundary Hamiltonian of model (24) at the boundary z = 1 and z = Lz respectively when Lz is large
enough, which perfectly match the numerical results in the main text, as shown in Fig. 2.
Chern-simons action and topological response in 4D topological semimetals
Here, we provide a discussion about the anomaly and the derivation of the Chern-Simons action for our 4D
semimetal.
To derive a non-vanishing coefficient for the topological responses in 4D, we have introduced a finite, symmetry-
breaking mass (namely, the Pauli-Villars mass regulator) that is sent to zero at the end of the calculation. Since the
response coefficient becomes proportional only to the sign of the symmetry-breaking mass term, it remains nonzero
even in the limit where the symmetry breaking is removed. This effect is the manifestation of parity anomaly in 4D
as well as in 2D. Moreover, the presence of a non-zero second Chern number implies that our 4D semimetallic system
with a = 0 can be seen as the critical phase of a 4D quantum Hall state [4]. As emphasized in Ref.[5], the word
“parity anomaly” is misleading because is an anomaly in time-reversal or reflection symmetry (although in Ref.[6], it
has been shown that also inversion symmetry can be anomalous in 2D).
In fact, our classical Hamiltonian in the Dirac case, supports a reflection symmetry along the w direction, namely
U−1r H(kx, ky, kz, kw)Ur = H(kx, ky, kz,−kw), (38)
with Ur = σ2 ⊗ σ0, which is broken at quantum level by the Pauli-Villars mass regulator. This is the essence of the
parity anomaly for a = 0. The situation changes in the spin-3/2 case because the above reflection symmetry is already
broken in the classical Hamiltonian for a 6= 0. To seek for an anomaly here, we need to introduce a mass regulator that
breaks the sublattice (chiral) symmetry. Actually, the Pauli-Villars mass regulator adopted in the previous case is the
right choice because besides reflection, it breaks also the sublattice (chiral) symmetry for any value of the parameter
a.
Next we consider the continuum limit of our 4D topological semimetal, taking into account the single pair of
monopoles at K±. The resulting 8× 8 effective Hamiltonian, defined in 4D momentum space, reads
Heff =
(
bt + (k − b) · Γ˜ 0
0 −bt + (k′ + b′) · Γ˜
)
= kiG˜
i − bµG˜µb , (39)
where k = (kx, ky, kz, kw), k
′ = (kx, ky, kz,−kw), b = (bx, by, bz, bw), b′ = (bx, by, bz,−bw), Γ˜ = (Γ˜x, Γ˜y, Γ˜z, Γ˜w),
i = x, y, z, w and µ = t, x, y, z, w. The 8× 8 matrices G˜i and G˜µb are defined as
G˜j = σ0 ⊗ Γ˜j , G˜w = σ3 ⊗ Γ˜w, G˜tb = σ3 ⊗ I4, G˜jb = σ3 ⊗ Γ˜j , G˜wb = σ0 ⊗ Γ˜w, (40)
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where j = x, y, z, and I4 is the 4 × 4 identity matrix. By implementing a Legendre transformation on Eq. (39), the
action can be written in terms of a first-order Lagrangian,
S[ψ¯, ψ, b] =
∫
d5x ψ¯(iγ˜µ∂µ − γ˜µb bµ)ψ, (41)
where ψ¯ = ψ†γ˜t, γ˜i = γ˜tG˜i, γ˜µb = γ˜
tG˜µb , with γ˜
t = σ0 ⊗ S.
The partition function with fermions coupled to both the electromagnetic potential Aµ and vector field bµ, is given
by [7]
Z[A, b] =
∫
Dψ¯DψeiS[ψ¯,ψ,A,b] ≈ eiSeff , (42)
with
S[ψ¯, ψ,A, b] =
∫
d5xψ¯(i/∂ + /A− /b)ψ, (43)
where /∂ = γ˜µ∂µ, /A = γ˜
µAµ, /b = γ˜
µ
b bµ. The effective action Seff reads
Seff = −i lnZ = −i ln det(i/∂ + /A− /b) = −iTr ln(i/∂ + /A− /b), (44)
where we have employed the matrix identity: detQ = exp(Tr lnQ). After introducing the regulator m˜ = m−αk2, we
have Seff[A, b, m˜] = −iTr ln(i/∂ − m˜+ /A− /b). To obtain the Chern-Simons term, we expand Seff into the third order
of the gauge field, such that the the effective action is given by
Seff[A, b, m˜] = −iTr lnG−10 (1 +G0Σ) = −i
(
Tr lnG−10 + Tr ln(1 +G0Σ)
)
≈ −i
(
Tr lnG−10 + Tr(G0Σ)−
1
2
Tr(G0ΣG0Σ) +
1
3
Tr(G0ΣG0ΣG0Σ) + ...
)
,
(45)
here G−10 = i/∂ − m˜ is the inverse of the propagator and Σ = /A − /b. Since we are seeking an induced Chern-Simons
term, we focus on the following terms: − 13Tr
(
G0/bG0 /AG0 /A
)
, − 13Tr
(
G0 /AG0/bG0 /A
)
and − 13Tr
(
G0 /AG0 /AG0/b
)
, which
contribute all equally to the effective topological action. Moreover, G0 and γ˜
µ(γ˜µb ) are block diagonal and each (4×4)
block part contributes equally. This the effective topological action reads
Seff[A, b, m˜] = 3× 2× (−i)× (−1
3
)× Tr
(
G+(γ˜
µ
b,+bµ)G+(γ˜
ν
+Aν)G+(γ˜
λ
+Aλ)
)
= 6× i
3
× Tr (G+Σb+G+Σ+G+Σ+)
= 6ccs
∫
d5xµνλρσbµ∂νAλ∂ρAσ,
(46)
where Σb+ = bµ∂G
−1
+ /∂pµ, and Σ+ = Aµ∂G
−1
+ /∂pµ. Here we have used the relation γ˜
µ
b,+ = γ˜
µ
+ = ∂G
−1
+ /∂pµ, with the
Green function of H+ being G−1+ = (p0 −H+). Notice that H+ now is modified as
H+ = pxΓ˜x + pyΓ˜y + pzΓ˜z + pwΓ˜w + m˜Γ0, (47)
where Γ˜0 = σ3⊗ σ3, and Γ˜i are given in the main text. The result in the last line in Eq. (46) can be derived by using
the Feyman rules[8–11] and the corresponding coefficient is simply given by
ccs =
1
3× 5!
∫
d5p
(2pi)5
µνλρσtr
(
G ∂G
−1
∂pµ
G ∂G
−1
∂pν
G ∂G
−1
∂pλ
G ∂G
−1
∂pρ
G ∂G
−1
∂pσ
)
=
1
24pi2
× pi
2
15
×
∫
d5p
(2pi)5
µνλρσtr
(
G ∂G
−1
∂pµ
G ∂G
−1
∂pν
G ∂G
−1
∂pλ
G ∂G
−1
∂pρ
G ∂G
−1
∂pσ
)
=
C2
24pi2
,
(48)
where C2 is the second Chern number and with the imaginary Green’s function being G(p) = ip0 −H+.
Substituting Eq. (48) into Eq. (46), we obtain the induced Chern-Simons action
Stop[A, b, m˜] =
C2
4pi2
∫
d5xµνλρσbµ∂νAλ∂ρAσ. (49)
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Because our model is gapless, we have to regularize the action: SRegeff = Seff[A, b, m˜ = 0]− Seff[A, b, m˜→ +∞] [7]. By
varying the action with respect to the electromagnetic field Aµ, we find
Jµ =
δ
δAµ
Stop =
C2
2pi2
µνλρσ∂νbλ∂ρAσ, (50)
which is the topological current associated to the parity magnetic effect.
To calculate the second Chern number C2 for the gapped system H+, we employ the non-Abelian Berry connection
and curvature [11, 12], given by
Fjk = ∂jAk − ∂kAj − i[Aj ,Ak],
Amnj = i〈um|
∂
∂kj
|un〉,
(51)
with j, k = {kx, ky, kz, kw} and m,n = {1, 2} such that
C2 =
1
8pi2
∫
R4
tr F ∧ F
=
1
4pi2
∫
R4
d4k tr (FxyFzw + FwxFzy + FzxFyw)
= −1
2
[sgn(m) + sgn(α)] , a 6= ±1,
(52)
which is not well defined only when two bands become flat, namely for a = ±1.
Notice that in this continuum model, the integrated manifold is R4 instead of T4. Moreover, to investigate the
nontrivial topological response, we choose a suitable mass regulator with sgn(m) = sgn(α), such that C2 = ±1.
Finally, the topological current Jµ is induced by a pair of Z2 monopoles due to the parity anomaly when a = 0,
while the current when a 6= 0,±1 is induced by dipolar moment originates from a pair of tensor monopoles with
opposite charges.
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